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Heckman-Opdam hypergeometric s
tem) and hypergeometric functions (|

v a~R"with{( , ),X c a* root system of rank, k,
A€ a;
v HO systenD F = y(D)(1) F (D € D(k))
L(K) = X1, 0% + 3 qes+ 2K, COtha 8,
D(K) : commuting family of diferential operators
v HO HGF F(4,k;a) is a unique analytic solutic
system withF (41, k; e) = 1, if kis generic.
v rank one casen =1 = HO HGF can be written
v If 2k, = multiplicity of @ € X = X(g,a), then |
cal functions on a Riemannian symmetric spa
G/K andL(k), D(k) is the radial part of the Lapla

Invariant dfferential operators, respectivelgrou
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Specializations of HO HGF & HO sys

v Confluences
o degenerate limit to the class-ovittaker fur
ple Lie groups (eigenfunction faroda modg
o other Toda-like limits
v Restrictionsto 1-dimensional singular sets (int
Weyl group)
o ODE (in some cases without accesory par
o application: value of the HO HGF at the or;
v Real forms
o a generalization oK-invariant eigenfunction
operators on pseudo-Riemmanian symme
o construction of a basis for the analytic solu



Confluences (1): review of known res
L(K) = Z 6% + Z 2k, cothad,, pK) =3, s Ky
=1

aeX”t

L(K)u = ({2, 1) — (p(k), p(K)))u

Replacingx = loga — &x, 4 — A/e and lettinge |

becomes )
L(K)ratu = <4, ) u,

where

- - 2k, + 2k,
L(K)rat = Z 07 + Z 25,
=1

a
QEZS

do={laeX: 2@&2},&:ka+ka/2fora620,ka/2:l



limit transition of W-invariant analytic solutic
Theorem (Ben Sad and Qrsted, de Jeu)

F(1/e,k; expex) — J(A, k expx) (e

where J 1s the Bessel function associated wkp, whi
eigenfunction of commuting family of &erential operat

v Special casegy(oup case and rank 1 case
o In the group casd, (k)rat is radial part of the
ator onGg/K (the tangent space @/K at the
theorem gives a limit transition of the sphel
Go/K.
o If n =1, then the limit transition in the abov
of the Gauss HGHo theBesselJ function



Confluences (2). limit to the class
function on real semisimple Lie grou

The following content overlaps with my talk in the worksh
Puts(K)Y? = [,es+ (2 sinha)*. Then

5(K)M% o (L(K) + (o(K), p(K))) 0 5(K) ™
” Ko (1 — Ky — 2koo )
=) 0%+
2%+ 2,

— sintf «

The existence of the commuting family offi@drentiz
H.us(K) proves integrability of the quantu@alogero-M
modelwith HamiltonianH,s(K).



limit transition from CMS to Toda Hamiltonia

Temporary, we assume thats reduced.ForM > 0O, d

2ku (@) (ku (@) — 1Xa, @) = &

and defineay, € A by
logay = wgloga+ Mp”,

wherep" = 3 3,5+ @ is the Weyl vector oEY = {a" =
wo € W is the longest element of the Weyl growpof X.
simple roots I and define

HT:ZaE—zzeZ“.

ac¥

Lemma (Inozemtsev) For any € C*(A),

im Heys(km) ¢(am) = Hr ¢(a).

M—o0



limit transition of joint eigenfunctions for CM.
v limit transition of theHarish-Chandra series
O(A,k;a) =at*® ... : series solution of (K)u =
O®.(a) = a' +--- : series solution oH;u = (1, 1)1
d(4,k; a) (respd;(a)) becomes a joint eigenfun
Ily of differential operator®(k) (respDD ;).

o(kn; am) 2@ (A, ky; am) — O-() |

v definition of HO HGFIn terms of the HC series

reduced)
P D4 @) + Kes2) /2)
ALK = 1_[ T(({A, @) + Koz + 2Ky)/2)
F(1,k; a) = Z c(wA, K)D(wA, k

weW

C

aexX”



v Remarks
o In the group caseg(4, k) is Harish-Chandra’
o In a series of papers around 1990, Heckir
for generick, F(4, k; a) defined by the above
tinued to ,a) € az X A, F(4,kje) = 1, ar
Invariant analytic solution of HO system su

v Problem
What is the limit of F(4, k; a) corresponding to |
Heus = Hy (M — o0, kyy — 00) ? (Inspired by Hire

v Answer

radial part of the class-on&hittaker function wit
real split semisimple Lie group with the restrict



class-one Whittaker function with moderate

G : real split semisimple Lie group of finite center,
G = NAK: lwasawa decompositioR, = =(g, a), p = 3 3,
Define a character of n by ¢(X,) = V-1, whereX, € °
length @ € ). 1,(nak) = a*** (ne N, ae A ke K)

WA 0 g) = f 1 (i ng)w(n) dn

N

Theorem lim &(k; am)Y? &(o(km), km) ]_[ ['(km (@) F(A

M— oo
aeXt
= E(p) f (1) a® W(A,¥;
wherec(1) is (4, k) with k, =1/2 (o € ) and

f() = | | @&a.a)® Tl a’) +

aex”t
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v Previously | proved the above theorem by usir
W(A, ¥; @) In terms of®d; (w4, a) (w € W) that is du
v Intherank one casdhe above theorem is a con
to theMacdonaldK function Defineky > 0 by 4k,

we have
1 1
F(1, K ay) = 2F1(§(k— A), E(k+ A);, K+

lim k% 27 sink (—=x + M)F (4, K & s

M — o0
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Confluences (3): limit to Toda-like sy:

v If X is an irreducible root system with twoftkren

Toda-like Hamiltonians that arefterent fromH-.
TodaBC, R(X) = Co X, e2ti=%) 4+ Cae? + C
Trig-An-1-bry-reg

R(X) = Co X1<i<j<n sinh(x; - Xj) + 2L, (Crem A
(HereR(X) Is the potential function for the Sabli
o TodaBC, with Cy, C3, C4 # 0 appears as a
operator with respect t& = NAK with one-c
tions of N andK for G/K Hermitian symmet
v Completely integrable systems and their hierar
cal root systems were thoroughly studied by C
Among guantum integrable systems, CMS mo
limits form a class whose joint eigenfunctions &
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Theorem 1) (existence of limit as integrable systenke)
andky (@) (explicitly given corresponding to the potent
X € a with x+ v M and consider limit af1 — oo. Then th
holomorphically to the confluent commuting system ¢
2) limit of HO HGF is of moderate growthA suitably
converges to the solution/(x) of the confluent systen

that Is B
AC > 0, m> 0 s.t|W(x)| < Cd™*

3) (uniguenessklobal analytic solutions of the conflus
erate growth are unique up to constant multiples.

4) (good estimate for reduced root sytertfs} is reduc
estimate ofV/(x) for Toda< (Toda model with the Ham

W(x)| < eR&0 W(x)| < C expeld

whereC Is the open positive Weyl chamber.
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Restrictions of HO system to singula
L(K) = 2,07 + Yges+ 2k, cOthad, andD € D(K) h

a(X) = 0fora € X.

ProblemStudyODE satisfied by theestrictionsof local a

sytem on dl-dimensional singular set

Case ofA,_1
L(k) = Xy a>2<i + X1<icj<n KCOth(X — Xj)(dx — Ox;)
v The restriction of HO system to singular set =
(An-1, An—2)) becomeODE of rankn satisfied by ¢

o rank 2 case calculate the induced DE on
computer algebra system Maple.
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z =) ) = (A4, Ay, A3) With A1 + Ao + A3
Riemann scheme

([ z=0 z=1 z=c
(+/11/2 0 K— A1
K+ A12/2 1-3k k- A5
K+ A3/2 2—-3k k- A3

\
local monodromy type (11, 1), (1, 2), (1,1, 1)
This Fuchsian equation is determined by tt
the equation isccessory parameter free

general caseCalculating monodromy at the
coordinate) by usingepresentations of Hec
that local monodromy types are, (1., 1), (1,1
the equation becomes the generalized hyy
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Application: value of HO HGF at the origin

v Proof of F(1,k;e) = 1 due to Opdam is indirect
one of motivations to study restrictions of the H
v Inthe case ofA,_; we can calculate the value of
using
o connection formula of HO HGFc{function)
o connection formula of GHGF (Okubo-Taka
o the following identity for trigonometric func

Zn: [ T1<i<n iz Sin(%(/li —4j) + K

i 1
=1 IlicicnizjSIN3(4 = 4j)7
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Case ofBC,
L(k) = YL, 0% + XL, (ke cothx + 2k, coth 2¢)dx
+ Y1<icj<n K3(COth( — Xj)(dx — ax,-) + ka coth(x;

v The restriction of HO system to singular set= >
(B, Bh-1)) becomes a Fuchsian DE of rank witl
points (say 01, «) onP! of local monodromy ty
(n,n), (n,.n-1,1), (1,...,1), which isfree from
( even familyEF,, of Simpson (1992)).

o rank 2 case by using Maple.
o general casady usingrepresentations of He

v We computed restrictions of HO system also 1
(X1 = X for BCy, a7 or a;, for Gy) by using Maple
there exist accessory parameters
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Real forms of HO system (HQ syster

A, case
L(K) = d—2 + 2kc:othxE
CdX dx

F(A,K; X) = ¢(1, K)D(A, k; X) + c(—2, K)D(—A1, k; X)
(L K; X) = 64 F (=1 + k K, -4 + 1;e72)

k=1/2~ G/K = SL2,R)/SQ2) (G = KAK)

d? d .
L(k)E - W + 2k tanhx 6( (L(k) with X — X

D (4, k; X) = (1, KD, Kk; X+ %71 V-1): analytic eigenf

sintA sink
S+ R Db KX+ g

P~k =) = sinz(A +
k=1/2~ G/K, = SL2,R)/S Q(L 1) (G = KAK,)
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Problem Generalization to higer rank cases

Group case Oshima-Sekiguchi (1980)
Rank two casesSekiguchi (2005)

€ . X2— {1}, e(a+p)=¢€ela)e(B) signature of roo

L(k)e = Zn: 07 + Z 2k, cotha 0, + Z
=1

ceste(a) =1 ORNE (09

(L(K) with a change of variablg — x + V-1, for av, €
D(k). : commuting family of diferential operators L(k),

Group case L(k). is radial part of the Casimir operato
(ex.G/K =S LN,R)/SAN), G/K, =S LN,R)/SOQ(p,n
Radial parts of the Casimir operator on general semi:
G/H (G = KAH) are of the form_L(k). (Heckman (1994
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W, =(s, : €la) =1)c W

HFW/W. =1, W\W ={vy =€ vy,...,0}

C C a: open positive Weyl chamber
Theorem 1) The dimension of the analytic solutions ¢
generick.

2) There exists a basiB (1, k x) = (FP(,k X),...,F
solutions of HQ system such that

Fe(L K 0iX) = > c(wd, KAS(L K)i-th row s (. k. X)

weW
Hered,(wA, k, X) ~ 4,0 1 ... s g series solution o
are intertwining matrices of sizethat satisfy

Afvlwz (/l’ k) - A;l (U)z/l, k)A;Z (/lv k) (wla u

Fe(A, Kk X) = Fo(wa, k X)AS (4, k) (w €
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For a simple reflectiors,, AS (4,K) Is a direct produc

of the form
_sin(yrkk) _sin(yrsk) COSlﬂ'(S
sinz (s+ sinm (s+ 5
A(S’ k) - [ sint s sink ] Cosf_zLﬂ(S
sint(s+k)  sinx (s+k) 2

v Example A; : ¥ ={e; — e, & — €3}
eer-e)=1 e -e)=-1,W, ={1, 5}

1
AL (D) =( At — . K ) A;(/l):( /

v Proof
o rank 1 reduction
o A,(1)¢ Is well-defined (does not depend or
w In terms of simple reflections~ enough to
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