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Jacquet modules

Jacquet modules

G = KA0N0: a semisimple Lie group and its Iwasawa decomposition.

g = k⊕ a0 ⊕ n0: the complexification of the Lie algebra of
G = KA0N0.

V : a Harish-Chandra module (Fréchet representation).

V ′: the continuous dual of V .

(VK -finite)
∗ = HomC(VK -finite, C).

We define the following two modules:

J ′(V ) = {v ∈ V ′ | ∃k , nk
0v = 0},

J∗(V ) = {v ∈ (VK -finite)
∗ | ∃k , nk

0v = 0}.

Notice that J ′(V ) = J∗(V ) (Casselman-Wallach). This is called the
Jacquet module.
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Jacquet modules

Generalized Jacquet modules

G = KA0N0: a semisimple Lie group and its Iwasawa decomposition.

g = k⊕ a0 ⊕ n0: the complexification of the Lie algebra of
G = KA0N0.

V : a Harish-Chandra module (Fréchet representation).

V ′: the continuous dual of V .

(VK -finite)
∗ = HomC(VK -finite, C).

η: a character of N0

We define the following two modules:

J ′
η(V ) = {v ∈ V ′ | ∃k , (Ker η)kv = 0},

J∗
η (V ) = {v ∈ (VK -finite)

∗ | ∃k , (Ker η)kv = 0}.

where η : U(n0)→ C (C-algebra homomorphism).
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Jacquet modules

Motivations

Homg,K (VK -finite, IndG
N0

(1N0)) = Homn0(VK -finite, 1N0)

= {v ∈ (VK -finite)
∗ | n0v = 0}

= H0(n0, (VK -finite)
∗).

“to know H0(n0, (VK -finite)
∗)”

⇐⇒ “to know Homg,K (VK -finite, IndG
N0

(1N0))”

⇐⇒ “to know homomorphisms to the principal series representations”

However V �→ H0(n0, (VK -finite)
∗) is NOT exact.

⇒ V �→ J∗(V ): exact.
H0(n0, (VK -finite)

∗) = H0(n0, J
∗(V )).
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Jacquet modules

Whittaker models

“Generalization”

J∗ � J∗
η

{v ∈ (VK -finite)
∗ | n0v = 0}� {v ∈ (VK -finite)

∗ | (Ker η)v = 0}
Homg,K (VK -finite, IndG

N0
(1N0))� Homg,K (VK -finite, IndG

N0
(η)).

“homomorphisms to the principal series representations”
� “homomorphisms to IndG

N0
η” : Whittaker model.

J ′
η corresponds to the moderate growth homomorphism.
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Jacquet modules

degenerate principal series representations

P = MAN: a parabolic subgroup of G and its Langlands
decomposition.

p = m⊕ a⊕ n: the complexification of the Lie algebra of P = MAN.

σ: a finite-length representation of M (Fréchet representation).

λ ∈ a∗ = (Lie(A)C)∗: a one-dimensional representation of A.

ρ(H) = (Tr ad(H)|n)/2 for H ∈ a: one dimensional representation of
A.

Put
I (σ, λ) = C∞- IndG

P (σ ⊗ (λ + ρ))

In this talk we consider J ′
η(I (σ, λ)) and J∗

η (I (σ, λ)).

Noriyuki Abe (The University of Tokyo) Generalization of Jacquet modules August 21, 2007 5 / 28



SL(2, R)

Example: G = SL(2, R)

G = SL(2, R), K = SO(2), P = P0: minimal parabolic
η = 0: trivial representation.

λ: not integral or λ/2 is integral.
⇒ I (1, λ) and I (1,−λ) are irreducible and I (1, λ) 
 I (1,−λ).
⇒ dimHom(I (1, λ), I (1, λ)) = 1

dimHom(I (1, λ), I (1,−λ)) = 1
⇒ dimH0(n0, (I (1, λ)K -finite)

∗) = 2.
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SL(2, R)

Example: G = SL(2, R)

λ: integral, λ/2 is not integral, λ is dominant.

I (1, λ)K -finite:

· · · • • • • · · · • • • • · · ·

quotient

sub

I (1,−λ)K -finite:

· · · • • • • · · · • • • • · · ·

sub

quotient

⇒ dimHom(I (1, λ), I (1, λ)) = 1, dim Hom(I (1, λ), I (1,−λ)) = 1
⇒ dimH0(n0, (I (1, λ)K -finite)

∗) = 2.
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SL(2, R)

Example: G = SL(2, R)

λ: integral, λ/2 is not integral, λ is anti-dominant.

I (1, λ)K -finite:

· · · • • • • · · · • • • • · · ·

sub

quotient

I (1,−λ)K -finite:

· · · • • • • · · · • • • • · · ·

quotient

sub

⇒ dimHom(I (1, λ), I (1, λ)) = 1, dim Hom(I (1, λ), I (1,−λ)) = 2
⇒ dimH0(n0, (I (1, λ)K -finite)

∗) = 3.
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Main Theorem

Main Theorem

W : the little Weyl group of G .

W (M) = {w ∈W | w(positive roots of M) ⊂ positive roots of G}.
W (M) = {w1, . . . ,wr} such that

⋃
i<j N0wiP/P ⊂ G/P is a closed

subset.

Theorem

If η is not unitary then J ′
η(I (σ, λ)) = 0.

Assume that η is unitary. There exists a filtration {Ii} of J ′
η(I (σ, λ)) such

that

1 Ii/Ii−1 �= 0 if and only if η|Ad(wi )n∩n0
= 0 and J ′

w−1
i η

(σ ⊗ (λ + ρ)) �= 0

2 If Ii/Ii−1 �= 0 then Ii/Ii−1 
 Twi ,η(U(g)⊗U(p) J ′
w−1

i η
(σ ⊗ (λ + ρ))).

where Twi ,η is the twisting functor (precise explanation will be appeared).
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Main Theorem

Main Theorem (2)

V : U(g)-module.

C (V ) = ((V ∗)h-finite)
∗ (h: Cartan subalgebra)

If V =
⊕

ν∈h∗ Vν (h-weight decomposition) then C (V ) =
∏

ν∈h∗ Vν .

Γη(V ) = {v ∈ V | ∃k , (Ker η)kv = 0}. (J ′
η(V ) = Γη(V

′),
J∗
η (V ) = Γη((VK -finite)

∗).

Theorem

There exists a filtration {Ĩi} of J∗
η (I (σ, λ)) such that

Ĩi/Ĩi−1 
 Γη(C (Twi (U(g)⊗U(p) J∗(σ ⊗ (λ + ρ))))).

where Twi = Twi ,0: twisting functor.
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Bruhat filtration

Bruhat filtration

An element of J ′
η(I (σ, λ)) is regarded as a distribution on G/P with values

in some vector bundle.
Put

Ii = {x ∈ J ′
η(I (σ, λ)) | supp x ⊂

⋃
j≤i

N0wjP/P}

Then 0 = I0 ⊂ I1 ⊂ · · · ⊂ Ir = J ′
η(I (σ, λ)): Bruhat filtration.

wiNw−1
i ∩ N0 
 N0wiP/P ⊂ wiNw−1

i 
 wiNP/P ⊂ G/P: open subset
N0wjP/P ∩ wiNP/P = ∅ for j < i .

⇒ Ii/Ii−1 ↪→ {x ∈ T (wiNw−1
i ) | supp x ⊂ wiNw−1

i ∩ N0}
= U(Ad(wi )n ∩ n0)⊗C T (wiNw−1

i ∩ N0)

where T means tempered distribution with values in (σ ⊗ (λ + ρ))′.
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Bruhat filtration

Bruhat filtration (2)

Lemma

Ad(wi )n∩ n0 acts U(Ad(wi )n∩ n0)⊗C T (wiNw−1
i ∩N0) locally nilpotent.

Hence η|Ad(wi )n∩n0
�= 0⇒ Ii/Ii−1 = 0 (a part of the theorem).

From now on, we assume that η|Ad(wi )n∩n0
= 0.
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Bruhat filtration

Bruhat filtration (3)

Lemma

{x ∈ U(Ad(wi )n ∩ n0)⊗C T (wiNw−1
i ∩ N0) | ∃k , (Ker η)kx = 0}

= U(Ad(wi )n ∩ n0)⊗C P(wiNw−1
i ∩ N0)η

−1 ⊗ J ′
w−1

i η
(σ ⊗ (λ + ρ)).

P is the polynomial ring.

wiNw−1
i 
 wiNP/P

wiNw−1
i ∩ N0 
 N0wiP/P

U(Ad(wi )n ∩ n0)
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Bruhat filtration

Bruhat filtration (4)

We have Ii/Ii−1 ↪→
U(Ad(wi )n ∩ n0)⊗C P(wiNw−1

i ∩ N0)η
−1 ⊗ J ′

w−1
i η

(σ ⊗ (λ + ρ)) =: I ′i .

Lemma

This map is surjective.

The proof is based on the meromorphic continuation.
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Bruhat filtration

meromorphic continuation

For f ∈ P(wiNw−1
i ∩ N0), u′ ∈ J ′

w−1
i

(σ ⊗ (λ + ρ)), we define the

distribution δ(f , u′) on wiNP/P by

〈δ(f , u′), ϕ〉 =

∫
wiNw−1

i ∩N0

f (n)u′(ϕ(nwi ))η(n)−1dn

for ϕ : wiNP/P → σ ⊗ (λ + ρ), supp ϕ: compact.
T δ(f , u′)↔ T ⊗ f η−1 ⊗ u′.

Lemma

1 If λ is sufficiently large then the above integral absolutely converges
for ϕ ∈ I (σ, λ) and defines the distribution with holomorphic
parameter.

2 δ(f , u′) has a meromorphic continuation for λ ∈ a∗.

This lemma is well-known.
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Bruhat filtration

proof of the surjectivity

Lemma

x ∈ I ′i , ∃ut ∈ Ii ⊂ J ′
η(I (σ, λ + tρ)) with holomorphic parameter t defined

near t = 0 such that u0 = x on wiNP/P.

Proof.

Induction on i . Fix x ∈ I ′i .
∃u′

t ∈ Ii with meromorphic parameter t such that u′
0 = x on wiNP/P.

u′
t =

∑∞
s=−p u(s)ts : Laurent series.

1 p = 0⇒O.K.

2 p > 0⇒ u(−p) ∈ I ′i−1

⇒ ∃u′′
t ∈ Ii−1 s.t. u′′

0 = u(−p) on wi−1NP/P
⇒ Replace u′

t to u′
t − t−pu′′

t then p �→ p − 1.
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twisting functor

(Generalized) twisting functors

w ∈W , {e1, . . . , el}: basis of Ad(w)n0 ∩ n0, ei : root vector w.r.t. h.

Sw ,η = (U(g)[(e1−η(e1))
−1]/U(g))⊗U(g)· · ·⊗U(g)(U(g)[(el−η(el))

−1]/U(g))

For X : U(g)-module, put Tw ,η(X ) = Sw ,η ⊗U(g) wX .

Lemma

Tw ,0 preserves the category O.

Tw := Tw ,0 is defined by Arkhipov and called twisting functor.
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twisting functor

twisting functors (examples)

G : split, M(λ): the Verma module with highest weight λ− ρ.
M(λ)∗: dual of M(λ) in the category O.
λ: dominant ⇐⇒ 〈α, λ〉 ≥ 0 for all positive root α.

TeM = M (e: the unit element of W ).

Tw0M(λ) = M(w0λ)∗ (w0: the longest element of W ).

TwM(λ) = M(wλ) if −wλ is dominant

Ch TwM(λ) = Ch M(wλ) (Ch: the character).

If Ch M =
∑

v∈W cv Ch M(vλ) then∑
i (−1)i Ch LiTwM =

∑
v∈M cv Ch M(wvλ).

TwM(w−1λ) is called the twisted Verma module.
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module I ′i

module I ′i

Lemma

I ′i 
 Twi ,η(U(g)⊗U(p) J ′
w−1

i η
(σ ⊗ (λ + ρ))).

I ′i 

U(Ad(wi )n ∩ n0)⊗C P(wiNw−1

i ∩ N0)η
−1 ⊗ J ′

w−1
i η

(σ ⊗ (λ + ρ))

Twi ,η(U(g)⊗U(p) J ′
w−1

i η
(σ ⊗ (λ + ρ)))

= Sw ,η ⊗U(Ad(wi )p) wiJ
′
w−1

i η
(σ ⊗ (λ + ρ)))

= U(Ad(wi )n ∩ n0)⊗C

⎛
⎝ ∑

ks∈Z≥0

(e1 − η(e1))
−(k1+1) . . . (el − η(el))

−(kl+1)

⎞
⎠

⊗CJ ′
w−1

i η
(σ ⊗ (λ + ρ)))
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module I ′i

module I ′i (2)

e1, . . . , el : basis of Ad(wi )n ∩ n0.
xs : wiNw−1

i ∩ N0 → C, exp(a1e1) · · · exp(alel) �→ as : polynomial
Define I ′i → Twi ,η(U(g)⊗U(p) J ′

w−1
i η

(σ ⊗ (λ + ρ))) by

T ⊗ ((−1)k1k1!x
k1
1 ) . . . ((−1)kl kl !x

kl
l )η−1 ⊗ u

�→ T ⊗ (e1 − η(e1))
−(k1+1) . . . (el − η(el))

−(kl+1) ⊗ u.

This map gives isomorphism as a C-vector space (obvious!).

Lemma

This map is a U(g)-module homomorphism.

The first theorem is proved.
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module J∗η (I (σ, λ))

module J∗η (I (σ, λ))

Proposition

J∗
η (V ) = Γη(C (J∗(V )))).

supp η := {α: simple root | η|gα �= 0}.
supp η = ∅: obvious.

supp η = {simple root} (non-degenerate): the result of Matumoto.

This proposition implies the second main theorem since Γη ◦ C is exact.
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module J∗η (I (σ, λ))

proof of the Proposition

Proof.

pη = mη ⊕ aη ⊕ nη: the complexification of the parabolic subgroup
corresponding to supp η and its Langlands decomposition.
η0 : U(mη ∩ n0)→ C: restriction of η.

J∗
η (V ) = lim−→

k

(V /(Ker η)kV )∗

= lim−→
k,l

((V /nk
ηV )/(Ker η0)

l(V /nk
ηV ))∗.

V /nk
ηV : Harish-Chandra module of mη

� We can apply Matumoto’s result to V /nk
ηV .
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Application

Whittaker vectors

V : g-module

Whη(V ) := {v ∈ V | (Ker η)v = 0} : (Whittaker vectors).

V : a finite-length representation of G .

Wh∞η (V ) := Whη(V
′),

Wh∗η(V ) := Whη((VK -finite)
∗).

←→ Whittaker models
To determine WhN

η ,

1 determine Whη(Ii/Ii−1).

2 analyze 0→Whη(Ii−1)→Whη(Ii )→Whη(Ii/Ii−1) (exact).
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Application

non-degenerate case (well-known)

Assume supp η = {simple root}.
Wh∞η :
if i �= r (i.e., wi is not maximal) then Ii/Ii−1 = 0

⇒ J ′
η(I (σ, λ)) = Twr ,η(U(g)⊗U(p) J ′

w−1
r η

(σ ⊗ (λ + ρ)).

⇒ dim Wh∞η (I (σ, λ)) = dim J ′
w−1

r η
(σ ⊗ (λ + ρ)).

Wh∗η:
By the result of Kostan-Lynch, V �→Whη(C (V )) (V ∈ O) is exact.

⇒ dim Wh∗η(I (σ, λ)) is determined by
Ch J∗(I (σ, λ)) =

∑
i Ch(Ii/Ii−1)

⇒ We can determine dim Whη(J
∗
η (I (σ, λ))).

Noriyuki Abe (The University of Tokyo) Generalization of Jacquet modules August 21, 2007 24 / 28



Application

generic case

Everything become easy if an infinitesimal character is far from integral.

1 The exact sequence 0→ Ii−1 → Ii → Ii/Ii−1 → 0 splits.

2 All the Whittaker vectors of Twi ,η(U(g)⊗U(p) J ′
w−1

i η
(σ ⊗ (λ + ρ)) or

Γη(C (Twi (U(g)⊗U(p) J∗(σ ⊗ (λ + ρ))))) “come from”
J ′
w−1

i η
(σ ⊗ (λ + ρ)) or J∗

w−1
i η

(σ ⊗ (λ + ρ)).
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Application

generic case: Wh∞η

u ∈ I ′i = Ii/Ii−1. The integral defining u is holomorphic at λ.
⇒ This gives the lift of u on Ii .
⇒ The exact sequence 0→ Ii−1 → Ii → Ii/Ii−1 → 0 splits.

Whη(Ii/Ii−1) = Whη|mη∩n0
(H0(nη, Ii/Ii−1)).

By the aη-weight and the Harish-Chandra isomorphism, we can
deduce the problem to determine dim Whη(Ii/Ii−1) to the subalgebra
mη, i.e., the non-degenerate case.
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Application

generic case: Wh∗η

{Ii}: the filtration of J∗(I (σ, λ)) = J ′(I (σ, λ)).
⇒ 0→ Ii−1 → Ii → Ii/Ii−1 → 0: splits (by the theory of category O)

⇒ 0→ ĨI−1 → Ĩi → Ĩi/Ĩi−1 → 0: splits

determining Whη(Ĩi/Ĩi−1): We can use the same method as in the
case of Wh∞η .
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Application

dimension of the Whittaker vectors

Theorem

If λ is generic then

1

dimWh∞η (I (σ, λ)) =
∑

w∈W (M), η|wNw−1∩N0
=1

dim Wh∞η (σ).

2

dim Wh∗η(I (σ, λ)) =
∑

w∈W (M)

dim Wh∗w−1η(σ).

When σ is finite-dimensional, this is Oshima’s results.
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