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1 Problem

Let A = (A1,---,\,;) be a dominant integral weight of GL,, and consider the finite dimen-
sional irreducible representation p, with the highest weight A. The permutation matrices
in GL, form a finite subgroup which is isomorphic to the symmetric group &,. We
identify &,, with this subgroup. Then our problem can be stated as follows.

Problem 1.1 Describe the decomposition of PA|Gn when restricted to the subgroup G,,.

We will reduce this problem to the decomposition of plethysms in principle.

2 Main result

Let us review G L, X GL,-duality on the symmetric algebra S(C* @ C™). It is well-known
that S(C* @ C™) is multiplicity free as a representation of GL, X GL,, and decomposes
as follows (see, e.g. [Howe]):

scecmy~ > e,

length(A)<min{m,n}

where A = (A, Ag, - - - ) is a weight (or a partition) and pE\n) is the irreducible representation
of GL,, with highest weight A. Put V= C™ and assume m > n. Then we can reformulate
the left hand side of the above formula:

SC"RV) ~ @"S(V)

- " (é Sk(V)>



where Si (V) denotes a homogeneous component of degree k in S(V). For v =
(l/la e 7Vn) € (ZZO)na pUt

6, =6, x---x6,, CE (lv|=vi 4+ -+ ).
Then we have
S,(V)®-+-® 8, (V) = (@), (2.1)

By the classical Schur duality (cf. [Weyl]), we know the decomposition

RV ~ > M @ oy
A=lu] Jength(\)<n

as a GL,, x &),-module. Therefore the above formula (2.1) becomes

CH

Z pE\m) ® 0 _ Z pE\m) ® (O_/\)Gu )

IAl=Iv length(\)<n IAl=Iv length(\)<n

We summarize as

@"S(V) ~ Y > e

veZLY ) |A|=|v|,length(X)<n

Z pg\m) ® Z (O'/\) G,

length(\)<n VELY ,lv|=|A|
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Here, Z (0’)\)6'/ becomes an &,-module, whose module structure is induced by the orig-
inal action of GL,,. So we obtain

. ~ Z (O_/\)Gu

I/EZ;O,‘V|:‘)\|

> (X @)

pHAlength(p)<n \veGy,-u

oY

12

Let V, be a representation space on which GL,, acts via pE\n) and V) () its weight space of

weight . We put V\(6,, - ) = Z Vi(v). Then, clearly V\(&,, - pt) is invariant under
veEGy 1
G, and we get the following lemma.

Lemma 2.1 As a representation of &, there is an isomorphism:



Take a partition p I [A|. Consider the normalizer M, = Ng,, (&) of &, in &,;
N, ={s €6, |s6,s "' =6,}.
Then there exists a partition a(pu) = a = (o, -, o) of length(x) < n such that
N,/G,~ 6, =6, X - %X B,

Since M, normalizes G, it acts on (o). Moreover, by definition, &, acts on (o,)°*

trivially. So we get a representation of &, ~N,/G, on (0y)%~.

Proposition 2.2 With the notations above, we have

Z (03)%" ~ Indgzxﬁn_m (02)% @1,
HEGy 1

where 1 means the trivial representation of &,_q|-
Proor. |

Now we summarize the above results into

Theorem 2.3

p&n) ‘6 ~ @ Inngxen,M(@\)G” ®1,
DY

where a = length(p) is determined by p via

NGIM (6#)/6u ~ Ga.

REMARK. Put k = |A| = |p|. By the Frobenius reciprocity, we have

(02)* ~ Homg, (C, 03) ~ Homek(lndgz(c, oy),

—  dim(0y)%" = [0y : Indg’jC].

This number is called the Kostka number (cf. [Macdonald]). By Lemma 2.1, it is equal
to the weight multiplicity of x in the representation (p&n), Vy\) of GL,,.



3 Relation to the plethysm

It seems difficult to determine the action of &, on (0y)®*. The reason why it is difficult
is as follows. Put k = || (i.e., A = k). Note that the normalizer of &, = &,, x --- x G,
in G is a wreath product

G x G, C 6, 6o =06, x--xG,,

for some o« = n. The irreducible representations of a wreath product are well-studied and
completely classified (see [JK, Theorem 4.3.34]).

In our case, for m € &), let (7 : 1) be an irreducible representation of &, x &, which
is obtained by the successive application of the natural projection of &, x &, —+ &, and
the representation m of &,. Then we get

Homs, (7, (02)) = Home, ((m: 1), (02)7*)
= Homeg, e, ((7:1),04)
~ Homgk(lndgzxeu(ﬁ :1),0,).
If we know (0y)®+ completely as an G,-module, then we know Homg, (7, (53)®*), hence

the multiplicity of oy in Indg’;xeﬂ (m : 1) can be determined. However, the induced
representation

Indg’;xgu (r:1)

is a special case of plethysms and its decomposition is not completely known yet (cf. [JK,

§5.4]).
Using the above relation, we can rephrase our theorem in terms of the decomposition
of plethysm:

(03)5" ~ @ (o) Indg’;xeu(ﬁ 1)) 7.

LSICIA

Theorem 3.1

n 6 "
Pg\ )‘6 ~ @ @ [0’)\ : Indgixgu(ﬂ : 1)] Indgaxﬁhqa\ﬂ ® 1.
" uk|A| TEGH

Example 3.2 Take A = (k") = (k,--- , k). In this case, we have pg\n) = (det™)*. So, we

(n)

know p) = (sgn)*. Moreover, by Lemma 2.1, we get

C ifpu=2A
S, — )
() { 0 otherwise.

n

For ;4 = A, the normalizer of &\ = &, X - - - X & in &, is isomorphic to &,, x (&x)™. So
we have

S, v [ 1 ifm=(sgn)",
[70m), Ind (0 (72 1)] = { 0 if w # (sgn)*.



Example 3.3 |A|=nand p=(1,---,1) = (1"). Then a(p) = (n) and V(i) ~ o,. This
is a well-known result (cf. [Kostant]).

Example 3.4 |\ = kn and p= (k,--- , k) = (k™). Then a(p) = (n) and

V(p) ~ @ |:0)\ : Indgz’;(gk)n(w )| 7

T€EG,

This is a result of [AMT].
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